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A characterization of normal bases and complete normal bases in GF(qr
n
) over
GF(q), where q . 1 is any prime power, r is any prime number different from the
characteristic of GF(q), and n $ 1 is any integer, leads to a general construction
scheme of series (vn)n$0 in GF(qr
y
) :5 <n$0GF(qr
n
) having the property that the
partial sums wn :5 o
n
i:50 vi are free or completely free in GF(qr
n
) over GF(q),
depending on the choice of vn .
In the case where r is an odd prime divisor of q 2 1 or where r 5 2 and q ; 1
mod 4, for any integer n $ 1, all free and completely free elements in GF(qr
n
) over
GF(q) are explicitly determined in terms of certain roots of unity.
In the case where r 5 2 and q ; 3 mod 4, for any n $ 1, in terms of certain
roots of unity, an explicit recursive construction for free and completely free
elements in GF(q2
n
) over GF(q) is given.
As an example, for a particular series of completely free elements the correspond-
ing minimal polynomials are given explicitly.  1996 Academic Press, Inc.
1. NORMAL BASES AND COMPLETELY FREE ELEMENTS, AN OUTLINE
Let q . 1 be a prime power, m . 1 and integer, and let GF(q) and
GF(qm) denote the Galois fields of order q and qm, respectively. Let G(m,q)
be the Galois group of the field extension GF(qm) over GF(q), i.e., the
group of field automorphisms of GF(qm) fixing the field GF(q) elementwise.
An element v in GF(qm) is called a normal basis generator in GF(qm)
over GF(q) or a free element in GF(qm) over GF(q), provided that
hg(v) u g [ G(m,q)j, the set of G(m,q)-conjugates of v, is a GF(q)-basis of
GF(qm). Such a basis is called a normal basis in GF(qm) over GF(q).
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In [2], among other things, Blessenohl and Johnsen have proved the
remarkable theorem that for any pair (q, m), there exist elements in GF(qm)
which simultaneously are free over every intermediate field of the field
extension GF(qm) over GF(q), i.e., elements v whose G(m/d,q
d
)-
conjugates simultaneously build a GF(qd)-basis in GF(qm) for every positive
divisor d of m. Such elements are called completely free in GF(qm) over
GF(q). We therefore call the corresponding normal basis a complete normal
basis in GF(qm) over GF(q). The most difficult part of the proof is to settle
the existence in the case where m is a prime power, say rn. Once this is
done, the general result follows from Theorem 1.1, a detailed proof of
which is given in Hachenberger [5] (Theorem 3.1 and (3.1.3)).
THEOREM 1.1. Let m . 1 be an integer and let Pki:51 paii be the prime
power factorization of m. Let q . 1 be any prime power. If vi is free in
GF(qpi
a
i) over GF(q) for 1 # i # k, then w :5 Pki:51 vi is free in GF(qm)
over GF(q). Moreover, if vi is completely free in GF(qpi
a
i) over GF(q) for
1 # i # k, then w is completely free in GF(qm) over GF(q).
In [5] we have given a constructive and more transparent proof of the
difficult part of Blessenohl and Johnsen’s theorem. This was done mainly
by using basic properties of cyclotomic polynomials which occur as additive
orders of the field elements; i.e., by means of these qualities we have
considered the various decompositions of the additive group (GF(qr
n
), 1)
viewed as GF(qr
i
)G(r
n2i,qr
i
)-module for any i in h0, . . . , n 2 1j. Furthermore,
we even were able to give a recursive formula for the number of completely
free elements in GF(qr
n
) over GF(q).
Here, we consider the problem to construct explicitly normal and
complete normal bases in GF(qr
n
) over GF(q) for any integer n $ 0.
For this reason, in Section 2, we briefly reexamine our results obtained
in [5] and give a characterization of free and completely free elements
in GF(qr
n
) over GF(q) under the assumption that r is a prime number
different from the characteristic of GF(q). This characterization immedi-
ately leads to a general construction scheme of series (vn)n$0 in the
field GF(qr
y
) :5 <n$0 GF(qr
n
) having the property that the partial sums
oni:50 vi are free or completely free in GF(qr
n
) over GF(q), depending
on the choice of vn .
The case where r is equal to the characteristic of GF(q) is essentially
different but easy to handle: Let r be the characteristic of GF(q). In [12,
Theorem 1], Perlis has characterized the free elements in GF(qr
n
) over
GF(q) as exactly the elements whose GF(q)-trace is nonzero. By the transi-
tivity of the trace function, we therefore obtain that any such element is
already completely free in GF(qr
n
) over GF(q).
In [12, Theorem 3] and Semaev [14, Section 4], one finds explicit construc-
tions of free elements in such field extensions of GF(q).
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In the present paper, after giving the general construction scheme men-
tioned above, we restrict our attention to the case where r is a prime divisor
of q 2 1. If r 5 2, we have to consider the cases q ; 1 mod 4 and q ; 3
mod 4 separately.
In Section 3 the case where r is odd or where r 5 2 and q ; 1 mod 4 is
considered. This case is particularly simple since GF(qr
n
) can easily be
obtained by adjoining a suitable root of unity to the given ground field
GF(q), a root whose minimal polynomial is a binomial. Furthermore, the
complete factorizations of the rnth cyclotomic polynomials, which play an
important role in the explicit construction of the series (vn)n$0 , are easy to
manage over any extension field of GF(q). In terms of the root of unity
we explicitly determine all free and completely free elements in GF(qr
n
)
over GF(q).
In Section 4, we consider field extensions of degree 2n over GF(q),
where q ; 3 mod 4 and where n $ 1 is any integer. There, we
likewise give an explicit recursive construction of free and completely
free elements.
The case where r is an arbitrary prime number different from the charac-
teristic of GF(q) is more involved since there is no obvious construction
for the extension fields GF(qr
n
) over GF(q) (n $ 1). We will therefore
consider the general situation in a forthcoming paper [6], where, after
discussing how the general case can be reduced to the special one studied
here, we likewise give explicit constructions of free and completely free
elements.
Several other authors also have considered the construction of normal
bases generators in field extensions of prime power degree over GF(q).
We have already mentioned the papers of Perlis [12] and Semaev [14].
Later, we will also discuss some of the work of Gao [4] and Scheerhorn [13].
However, the construction of completely free elements is not considered in
these papers.1 Of course, in order to construct complete normal bases,
knowledge on ordinary free elements is required. We therefore state many
of our results for both types of elements.
As we work with iterative constructions, as a wider background, we
would like to draw the attention of the reader to the book of Brawley and
Schnibben [3] and the paper of Lu¨neburg [11]. For the general algebraic
background, the reader is refered to Jacobson [8]. Our standard references
for the theory of finite fields are Jungnickel [9] and Lidl and Niederreiter
[10]. All number theoretic results we use can be found in Berlekamp [1]
and Ireland and Rosen [7].
1 In Blake, Gao and Mullin [15] and Scheerhorn [16] there are given examples of polynomials
whose roots are completely free (see also Examples 3.8 and 3.9). The author wants to thank
Dr. Scheerhorn for kindly providing him with these references.
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2. MODULE STRUCTURES AND A GENERAL CONSTRUCTION SCHEME FOR
FREE AND COMPLETELY FREE ELEMENTS
We start by recalling some important facts on the structure of the additive
group of the extension fields considered. Although these results hold for
arbitrary finite extensions, for our purposes, we concentrate on the case
where the degree of extension is a prime power, say rn.
Let GF(q) be the given ground field, let n $ 1 be an integer, and let
j [ h0, 1, . . . , n 2 1j. In order to simplify the notation, in contrast to
Section 1, let G(n, j) denote the Galois group of GF(qr
n
) over GF(qr
j
). By
naturally extending the action of G(n, j), it is seen that the additive group
(GF(qr
n
), 1) is turned into a module over the group algebra GF(qr
j
)G(n, j).
Since G(n, j) is cyclic and has the Frobenius automorphism
s(n, j): GF(qr
n
) ° GF(qr
n
), v ° vq
rj
,
as canonical generator, it is appropriate to describe the scalar multiplication
in terms of the polynomial ring in the indeterminate x over the field
GF(qr
j
), i.e., by
GF(qr
j
)[x] 3 GF(qr
n
) ° GF(qr
n
), (g, v) R g(s(n, j))(v).
Therefore, (GF(qr
n
), 1) is considered as a vector space over GF(qr
j
) to-
gether with the GF(qr
j
)-linear mapping s(n, j). This is the familiar situation
studied in linear algebra. The existence of a normal basis in GF(qr
n
) over
GF(qr
j
) just means that this vector space is a cyclic module. Its generators
are exactly the free elements in GF(qr
n
) over GF(qr
j
).
The minimal polynomial of s(n, j) is equal to xr
n2j
2 1. For any v in
GF(qr
n
), the qr
j
-order of v is the monic polynomial g of least degree with
coefficients in GF(qr
j
) such that v is annihilated by g, i.e., such that
g(s(n,j))(v) 5 0. Of course, g is a divisor of xr
n2j
2 1. Furthermore, v is free
in GF(qr
n
) over GF(qr
j
), if and only if its qr
j
-order is equal to xr
n2j
2 1.
From now on, throughout this entire section, we assume that r is not a
divisor of the characteristic of GF(q). In Theorem 2.4 below, we give the
fundamental characterization of free and completely free elements in
GF(qr
n
) over GF(q), which will immediately lead to the iterated construc-
tion scheme mentioned in Section 1. The detailed proof is given in [5] and
therefore is omitted here. We just mention that it essentially relies on the
following well-known basic three facts which will be required later.
Fact 2.1 (see [10, Section 2.4] or [9, Section 1.5]). For any j in h0, 1, . . . ,
n 2 1j, the polynomial xr
n2j
2 1 is squarefree and, over the prime field of
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GF(q), decomposes into
(xr
n212j
2 1)Frn2j ,
where Frn2j denotes the rn2jth cyclotomic polynomial, i.e., the polynomial
whose roots are exactly the primitive rn2jth roots of unity.
Fact 2.2 (see Lemma 3.3 in [5]). If v and w are elements in GF(qr
n
)
with relatively prime qr
j
-orders f and g, respectively, then v 1 w has qr
j
-
order fg.
Conversely, any element u with qr
j
-order fg can uniquely be written as
v 1 w with v and w having qr
j
-order f and g, respectively, provided that f
and g are relatively prime.
Fact 2.3. The intermediate fields of GF(qr
n
) over GF(q) are linearly
ordered by inclusion.
In Fact 2.1, a factorization of the monic generator of the annihilator ideal
of (GF(qr
n
), 1) viewed as a GF(qr
j
)G(n, j)-module is given. Fact 2.2 actually
holds in a more general setting of modules over a principal ideal domain,
see e.g., [8, Section 3.9]. Its content is that knowing the complete factoriza-
tion of the polynomial xr
n2j
2 1 over GF(qr
j
) and a generator of each
irreducible GF(qr
j
)G(n, j)-submodule of (GF(qr
n
), 1), which correspond bi-
jectively to the irreducible GF(qr
j
)-divisors of that polynomial, we obtain
a free element by building the sum of all these generators. Moreover, any
free element has this form. Fact 2.3 is straightforward, but crucial for
proving the existence of completely free elements and for the iterative
constructions we give.
THEOREM 2.4. Let v [ GF(qr
n
), where r is a prime number different
from the characteristic of GF(q) and where n $ 1 is any integer. Then there
exist unique elements v1 and v2 in GF(qr
n
) such that v 5 v1 1 v2 and the
following conditions hold:
(2.4.1) For any 0 # j # n 2 1, the qr
j
-order of v1 is a monic divisor
of xr
n2j21
2 1, while the qr
j
-order of v2 is a monic divisor of Frn2j .
(2.4.2) v is free in GF(qr
n
) over GF(qr
j
) for some j [ h0, . . . , n 2 1j
if and only if v1 has qr
j
-order xr
n2j21
2 1, i.e., is free in GF(qr
n21
) over
GF(qr
j
), and v2 has qr
j
-order Frn2j .
(2.4.3) v is completely free in GF(qr
n
) over GF(q) if and only if v1 is
completely free in GF(qrn21) over GF(q) and the qr
j
-order of v2 is equal to
Frn2j for all j [ h0, . . . , n 2 1j.
This characterization immediately leads to a recursive construction
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scheme for free and completely free elements in field extensions of prime
power degree.
THEOREM 2.5. Let q . 1 be a prime power and let r be a prime number
different from the characteristic of GF(q).
(2.5.1) Let v0 be any nonzero element of GF(q). Then w0 :5 v0 is free
and completely free in GF(q) over GF(q).
(2.5.2) Assume that wn is free in GF(qr
n
) over GF(q) and let vn11 [
GF(qr
n11
) be an element of q-order Frn11 . Then wn11 :5 wn 1 vn11 is free
in GF(qr
n11
) over GF(q). Moreover, if wn is completely free in GF(qr
n
) over
GF(q), then wn11 is completely free in GF(qr
n11
) over GF(q) if and only if
vn11 has qr
j
-order Frn112j for all 0 # j # n.
So, we are able to iteratively find normal bases or complete normal bases
in any finite subfield of GF(qr
y
) over GF(q), if we can solve the following
main problem.
Problem 2.6. For any integer n $ 1, find elements in GF(qr
n
) having
q-order Frn, and find elements vn in GF(qr
n
) satisfying the property
(=n,r,q) the qr
j
-order of vn is equal to Frn2j for any
j [ h0, 1, . . . , n 2 1j.
In order to settle the existence of completely free elements in GF(qr
n
)
over GF(q), in [5], we had to study property (=n,r,q) of Problem 2.6. Fortu-
nately, see Theorem 2.7 below, it turned out that in almost all cases the
problem of finding an element in GF(qr
n
) satisfying (=n,r,q) is the same as
that of finding an element in GF(qr
n
) having qr
t
-order Frn2t for a suitable
t in h0, 1, . . . , n 2 1j depending only on r, n, and q. From our iterative
point of view, this means that in most cases, the problem of finding a
completely free element in GF(qr
n
) over GF(q) essentially is not more
difficult than finding a free element in GF(qr
n
) over GF(q).
Though the following theorem is an immediate consequence of the proof
of Theorem 3.10 in [5], it is not explicitly stated there. In order to formulate
it, we need some further notation:
For q, r, and n as above, let ordrn(q) be the multiplicative order of q
modulo rn, i.e., the least positive integer N $ 1 such that qN 2 1 is divisible
by rn. From elementary number theory (see, e.g., Theorem 2 and Theorem
29 in Chapter 4 of [7]), it is known that ordrn(q) is of the form srl, where
s is a divisor of r 2 1 and l is an integer satisfying 0 # l # n 2 1. As in
[2], the case where r 5 2, ord2n(q) 5 2, n $ 3, and q ;/ 52
n23
mod 2n is
called the exceptional case.
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THEOREM 2.7. Let q . 1 be a prime power, n $ 1 an integer, and r a
prime number different from the characteristic of GF(q). Let ordrn(q) 5 srl
with l # n 2 1 and s being a divisor of r 2 1. Furthermore, let
v [ GF(qr
n
).
(2.7.1) Excluding the exceptional case, let t :5 l/2 if l is even and
t :5 (l 2 1)/2 if l is odd. Then v satisfies (=n,r,q) if and only if the qr
t
-order
of v is equal to Frn2t .
(2.7.2) Assuming the exceptional case, then v satisfies (=n,2,q) if and
only if the q-order of v is equal to F2n and the q2-order of v is equal
to F2n21.
As we have pointed out the importance of the cyclotomic polynomial
Frn so far, it is worthwhile noting that for n $ 1, with x as indeterminate,
Frn 5 Fr(xr
n21
) 5 Or21
j:50
xjr
n21
.
Thus, with s being the Frobenius automorphism in GF(qr
y
) over GF(q),
we see that Frn(s) restricted to GF(qr
n
) is just the trace function onto
GF(qr
n21
). If (wn)n$0 and (vn)n$0 as in Theorem 2.5 are series which build
free elements, then, since vn lies in the kernel of Frn(s), and wn21 is an
element of GF(qr
n21
), we obtain
Frn(s)(wn) 5 r ? wn21 .
Therefore, the series (wn/rn)n$0 naturally satisfies what is called trace-
compatible in [13]. There, some examples of such series are given.
Before we turn to explicit constructions, we need the following result on
the multiplicative order of q modulo rn. This is essentially Theorem 6.52
in [1].
THEOREM 2.8. Let q . 1 be a prime power, r a prime number which
does not divide q and let s :5 ordr(q) be the multiplicative order of q
modulo r. Furthermore, let r(qs) be the largest positive integer N $ 1 such
that qs 2 1 is divisible by rN. Then the following holds for the multiplicative
order of q modulo rn, where n $ 1 is any integer:
(2.8.1) Assume that r is odd or that r 5 2 and q ; 1 mod 4 (in which
case s 5 1). Then
ordrn(q) 5 H s, if 1 # n # r(qs),
srn2r(q
s), if n $ r(qs).
Furthermore, for any integer t $ 0, r(qsr
t
) 5 r(qs) 1 t.
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(2.8.2) Assume that r 5 2 and that q ; 3 mod 4. Then s 5 1,
r(q) 5 1, and
ord2n(q) 5 5
1,
2,
2n2r(q
2)11,
if
if
if
n 5 1,
2 # n # r(q2),
n $ r(q2).
Furthermore, for any integer t $ 0, r(q2
t
) 5 r(q2) 1 t 2 1.
3. EXPLICIT CONSTRUCTIONS OF FREE AND COMPLETELY FREE ELEMENTS
In this section, again, for any integer n $ 1, we consider the field exten-
sions of degree rn over a finite field GF(q). But we assume here that r is
a prime divisor of q 2 1. Due to Theorem 2.8, in the case where r 5 2, we
must handle the cases q ; 1 mod 4 and q ; 3 mod 4 separately. In this
section, we therefore additionally assume that q ; 1 mod 4, if r 5 2. The
case where q ; 3 mod 4 is essentially different and is dealt with in Section 4.
As in Theorem 2.8, we define r(q) to be the largest positive integer
N $ 1 such that q 2 1 is divisible by rN (observe that the parameter s is
equal to 1 here).
Under these assumptions, for any n $ 1, the field GF(qr
n
) is easily
obtained by adjoining a suitable root of unity to the ground field GF(q).
A proof of the following lemma can be found in [9] (see Corollary 2.3.6).
LEMMA 3.1. Let q be a prime power, r a prime divisor of q 2 1 and let
r(q) be defined as above. Assume that q ; 1 mod 4 in the case where r 5 2.
Furthermore, let z be a primitive rr(q)th root of unity and let n $ 0 be
an integer.
Then the polynomial xr
n
2 z is irreducible over GF(q). Any root h of this
polynomial is a primitive rn1r(q)th root of unity and GF(qr
n
) is obtained by
adjoining h to GF(q).
Next, having Fact 2.1 and Fact 2.2 in mind, we explicitly describe the
complete factorization of the rnth cyclotomic polynomial over the field
GF(q).
LEMMA 3.2. Let q be a prime power, r a prime divisor of q 2 1. Assume
that q ; 1 mod 4, if r 5 2. Furthermore, let z be a primitive rr(q)th root of
unity. For a given integer n $ 1, let a :5 minhn, r(q)j.
Then, over GF(q), the complete factorization of the rnth cyclotomic poly-
nomial is given by
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p
ra
j:51, gcd(r,j)51
(xr
n2a
2 z jr
r(q)2a
).
Proof. It is well known, see, e.g., [9, Theorem 1.5.4] or [10, Theorem
2.47], that the rnth cyclotomic polynomial over GF(q) splits into the product
of rn21(r 2 1)/ordrn(q) 5: b irreducible polynomials of degree ordrn(q) each.
As ordrn(q) by (2.8.1) is equal to rn2a (observe that s 5 1 by our general
assumption), we obtian that b 5 ra21(r 2 1). This coincides with the number
of factors of the product above.
On the other hand, applying Lemma 3.1 to the case where n $ r(q), we
know that the binomial xr
n2r(q)
2 a is irreducible over GF(q), provided that
a is a primitive rr(q)th root of unity. Furthermore, all its roots are primitive
rnth roots of unity. Thus, this polynomial is a divisor of Frn. Since hzju1 #
j # rr(q), gcd(r, j) 5 1j is exactly the set of primitive rr(q)th roots of unity
and has cardinality rr(q)21(r 2 1), we obtain that the above product is a
divisor of Frn . Furthermore, since both polynomials are monic of the same
degree, they must be equal.
If n # r(q), then GF(q) contains the primitive rnth roots of unity, whence
Frn over GF(q) splits into linear factors. Now, since hzjr
r(q)2nu1 # j #
rn, gcd(r, j) 5 1j is exactly the set of primitive rnth roots of unity, we
similarly as above obtain the desired factorization.
So far, we are able to give an explicit polynomial presentation (see [3])
of the field extension GF(qr
n
) by adjoining certain roots of unity to the
field GF(q). In Corollary 3.4 we are going to describe a particular normal
basis generator in GF(qr
n
) over GF(q) in terms of these roots while all
free elements are characterized in Theorem 3.5 below. In fact, slightly
weaker results may be derived from Lemma 2.1 and Theorem 2.2 in [14],
where, more generally, degree-m-extensions of GF(q) are considered under
the assumption that any odd prime divisor of m divides q 2 1 and where
q ; 1 mod 4, provided that m is even. However, in view of constructing
completely free elements, in contrast to [14], we have to explicitly determine
the q-order of each such root of unity. This is done in Theorem 3.3 and
its proof, using the factorization of the rnth cyclotomic polynomial given
in Lemma 3.2.
THEOREM 3.3. Let q be a prime power and let r be a prime divisor of
q 2 1. Assume that q ; 1 mod 4, if r 5 2. Let r(q) be the largest integer N
such that q 2 1 is divisible by rN and for an integer n $ 1, let a :5 minhn,
r(q)j. Furthermore, let h be a primitive rn1r(q)th root of unity.
Then the following hold:
(3.3.1) For any integer t which is not divisible by r, the q-order of ht
is an irreducible divisor of the rnth cyclotomic polynomial over GF(q).
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(3.3.2)
vn :5 Ora
j:51, gcd(j,r)51
h j
is an element in GF(qr
n
) having q-order Frn.
Proof. As in the statement, let a :5 minhr(q), nj, where n $ 1 is some
given integer. From Theorem 2.8, we know that
r(qr
n2a
) 5 r(q) 1 n 2 a 5 maxhr(q), nj 5: A.
Hence, there exists an integer u which is not divisible by r and satisfying
1 1 urA 5 qr
n2a
5: Q. Now, let z :5 hr
n
. Then z is a primitive rr(q)th root
of unity and thus an element of GF(q). If j :5 u mod ra, then 1 # j # ra
and r does not divide j. Thus, using Theorem 3.2, we see that
xr
n2a
2 zjr
r(q)2a
5: fh
is an irreducible divisor of Frn in GF(q)[x]. Now, with s being the Frobenius
automorphism of GF(qr
n
) over GF(q), we obtain
fh(s)(h) 5 sr
n2a
(h) 2 zjr
r(q)2a
h 5 hq
rn2a
2 zjr
r(q)2a
h
5 hQ 2 zjr
r(q)2a
h 5 h(hur
A
2 zjr
r(q)2a
)
5 h(zur
A2n
2 zjr
r(q)2a
) 5 h(zur
r(q)2a
2 zjr
r(q)2a
)
5 0.
The last equation holds since the multiplicative order of zr
r(q)2a
is equal to
r a and since j ; u mod r a by definition of j.
Therefore, the q-order of h divides fh. But since h ? 0 and fh is irreducible,
we obtain that the q-order of h is equal to fh.
Next, we are going to generalize the above argument. If t is any integer
which is not divisible by r, then ht likewise is a primitive r r(q)1nth root of
unity with the property that htr
n
5 z t is a primitive r r(q)th root of unity.
With u as above, we define the mapping i by i(t) :5 ut mod r a. Doing a
similar calculation as above, we obtain that the q-order of ht is equal to
x r
n2a
2 z i(t)r
r(q)2a
,
which by Theorem 3.2 is an irreducible divisor of Frn over GF(q). This
completes the proof of (3.3.1).
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In order to prove (3.3.2), we observe that the mapping i used in the first
part of the proof induces a bijection on the set of units modulo r a. Thus,
by Theorem 3.2, every irreducible divisor of Frn over GF(q) occurs exactly
once as the q-order of some ht, where 1 # t # r a and r is not a divisor of
t. Since all these polynomials are relatively prime and since their product
by Theorem 3.2 is equal to Frn, applying Fact 2.2, we conclude that the
element vn in (3.3.2) indeed has q-order Frn. This completes the proof of
Theorem 3.3. n
By the results of Section 2, we may now explicitly construct a series
(vn)n$0 of elements in GF(qr
y
) :5 <n$0 GF(qr
n
) with the property that
onj:50 vj is free in GF(qr
n
) over GF(q).
COROLLARY 3.4. Under the assumptions of Theorem 3.3, for n $ 1, let
hn be a primitive r r(q)1nth root of unity. Furthermore, let v0 :5 1 and
vn :5 Orminhr(q),nj
j:51,gcd(r, j)51
h jn.
Then
wn :5 On
i:50
vi
is free in GF(qr
n
) over GF(q). n
At this stage, we are able to describe explicitly all free elements in
GF(qr
n
) over GF(q) in terms of a primitive r n1r(q)th root of unity h.
THEOREM 3.5. Let q be a prime power and let r be a prime divisor of
q 2 1. Assume that q ; 1 mod 4, if r 5 2. Let r(q) be the largest integer N
such that q 2 1 is divisible by rN and let h be a primitive r r(q)1nth root of
unity, where n $ 1 is an integer. Then the free elements in GF(qr
n
) over
GF(q) are exactly the elements of the form
w0 1 On
i:51
Orminhr(q),ij
j :51,gcd(r, j)51
fi j(s)(h jr
n2i
),
where w0 is any nonzero element of GF(q), fi j is any nonzero polynomial
over GF(q) of degree less than r i2minhr(q),ij, and s denotes the Frobenius
automorphism in GF(qr
n
) over GF(q).
Proof. Let 1 # i # n and let 1 # j # r minhr(q),ij with gcd(r, j) 5 1. Then
h jr
n2i
is a primitive r r(q)1ith root of unity. By Theorem 3.3, its q-order is an
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irreducible divisor of the r ith cyclotomic polynomial, say gij. The degree
of gij is equal to ordr i(q) 5 r i2minhr(q),ij. Now, by the irreducibility of gij, the
elements of q-order gij are exactly the nonzero elements of the irreducible
GF(q)G(n,0)-submodule of (GF(qr
n
), 1) which is annihilated by gij. There-
fore, the elements having q-order gij are exactly the elements of the form
fi j(s)(h r
n2i
j ) where fi j is a nonzero polynomial with coefficients in GF(q)
and degree less than the degree of gij.
From Fact 2.2, it follows that any element of the above form is a generator
of a normal basis in GF(qr
n
) over GF(q). On the other hand, likewise by
Fact 2.2, any free element actually is a sum of elements whose q-orders
are exactly the irreducible divisors of xr
n
2 1. This completes the proof. n
For the remainder of this section, we turn to the construction of com-
pletely free elements in GF(qr
n
) over GF(q). We have pointed out in
Section 2 (see Problem 2.6 and Theorem 2.7) that, besides the exceptional
case, this is not more difficult than constructing a free element, which we
already are able to do. So, we first prove that the exceptional case does
not hold under our general assumptions:
Assume that r 5 2, n $ 3 and ord2n(q) 5 2. Since the elements of order
2 in the group of units modulo 2n by Theorem 29 in Chapter 4 of [7] are
21 1 2nZ, 52
n23
1 2nZ and 252
n23
1 2nZ (where Z denotes the ring of
integers), we have that q 1 2nZ is equal to one of them. If the exceptional
case would hold, then q + 52
n23
mod 2n, leaving the possibilities q ; 21
mod 2n and q ; 252
n23
mod 2n. But both are contradictions to our assump-
tion that q ; 1 mod 4. Therefore, indeed, the exceptional case does not
hold here.
Now, applying Theorem 2.7 and Theorem 3.3, we can solve problem 2.6:
THEOREM 3.6. Let q be a prime power, r a prime divisor of q 2 1 and
let r(q) be the largest integer N such that q 2 1 is divisible by rN. Assume
that r(q) $ 2, if r 5 2. Consider the field extension GF(qr
n
) over GF(q) for
some integer n $ 1 and let h be a primitive r r(q)1nth root of unity.
(3.6.1) If n # r(q), then
vn :5 Orn
j :51,gcd(r, j)51
h j
is an element in GF(qr
n
) satisfying (=n,r,q).
(3.6.2) If n $ r(q), define t to be the integer part of (n 2 r(q))/2. Then
vn :5 Orr(q)1t
j :51,gcd(r, j)51
h j
is an element in GF(qr
n
) satisfying (=n,r,q).
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Proof. If n # r(q), then ordrn(q) 5 1 by the definition of r(q). Thus,
the parameter l in Theorem 2.7 is equal to 1 and, since we are not in the
exceptional case, applying (2.7.1), we obtain the following:
The parameter t is equal to 0, and therefore an element v satisfies
(=n,r,q) if and only if its q-order is equal to Frn . Since vn by (3.2.2) has q-
order Frn , the first part is proved.
In the second part, we have n $ r(q). Thus, by Theorem 2.8 and our
assumption, the multiplicative order of q modulo rn is equal to rn2r(q).
Furthermore, the parameters l and t in the statement of Theorem 2.7 and
(2.7.1) are equal to n 2 r(q) and the integer part of (n 2 r(q))/2, respec-
tively. By (2.7.1), an element v satisfies (=n,r,q) if and only if its qr
t
-order
is equal to Frn2t . We therefore have to consider the field extension
GF(qr
n
) over GF(qr
t
) and apply Theorem 3.3 to this situation.
With Q :5 qr
j
and N :5 n 2 t, by (2.8.1), we have r(Q) 5 r(q) 1 t and
therefore N 1 r(Q) 5 n 1 r(q). Furthermore, a little calculation shows
that minhN, r(Q)j 5 r(Q). Therefore, with h being a primitive rN1r(Q)th
root of unity, applying Theorem 3.3, we obtain that
Orr(Q)
j :51,gcd(r, j)51
h j
is an element in GF(Qr
N
) 5 GF(qr
n
) having Q-order FrN 5 Frn2t . Since
this element is equal to vn in the statement of (3.6.2), the proof is com-
plete. n
Similar to Corollary 3.4 and Theorem 3.5, we are now able to explicitly
describe all completely free elements in GF(qr
n
) over GF(q) for any
n $ 1 in terms of a primitive rn1r(q)th root of unity. The details should now
be clear and are left to the reader. Nevertheless, we summarize this iterative
construction in the form of an algorithm producing a series (wn)n$0 in
GF(qr
y
) such that wn is completely free in GF(qr
n
) over GF(q) for any
n $ 0. Here, s denotes the Frobenius automorphism of GF(qr
y
) over GF(q).
ALGORITHM 3.7. Let q be a prime power and assume that the field
GF(q) is given. Let r be a prime divisor of q 2 1 and assume that q ; 1
mod 4 if r 5 2. Let r(q) be the largest integer N such that q 2 1 is divisible
by rN and let z [ GF(q) be a primitive rr(q)th root of unity. Finally, let
(xn)n$1 be a series of indeterminates over GF(q).
Initialization. Choose any nonzero element w0 in GF(q). Construct
GF(qr) as GF(q)[x1]/(xr1 2 z)GF(q)[x1].
Induction step. Let n $ 1, suppose that wn21 is completely free in
GF(qr
n21
) over GF(q), and let GF(qr
n
) be given.
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If n # r(q), let
vn :5 Orn
j :51,gcd(r, j)51
lj xjn ,
where lj is any nonzero element in GF(q) for all j.
If n $ r(q), let t be the integer part of (n 2 r(q))/2 and let
vn :5 Orr(q)1t
j :51,gcd(r, j)51
fj (s r
t
)(x jn),
where fj is any nonzero polynomial with coefficients in GF(qr
t
) and degree
less than rn2r(q)22t.
Let wn :5 wn21 1 vn .
Construct GF(qr
n11
) as
GF(qr
n
)[xn11]/(xrn11 2 xn)GF(qr
n
)[xn11].
We close this section with two examples in order to demonstrate how
Theorem 3.5 and Theorem 3.6 can be used to check that a given series of
elements in GF(qr
y
) is a series of free or completely free elements.
EXAMPLE 3.8. Under the assumptions of this section, using the same
notation as above, let n $ 1 be an integer and let h be a primitive rn1r(q)th
root of unity. An application of Theorem 3.4.1 in [4] (which is proved by
using the results of Semaev mentioned before Theorem 3.3) shows that
(1 2 h)21 is free in GF(qr
n
) over GF(q). We are going to show that this
element indeed is completely free (see also [15]).
Let z :5 hr
n
. Then z is a primitive r r(q)th root of unity lying in GF(q).
Hence, (1 2 h)21 is completely free, if and only if
(1 2 z)(1 2 h)21 5 Orn21
j :50
h j
is completely free in GF(qr
n
) over GF(q). Now, all we must do is show that
ck :5 Ork
j :51,gcd(r, j)51
h jr
n2k
is an element satisfying (=k,r,q) for all k [ h1, . . . , nj. For simplicity, let
us concentrate only on the case where k 5 n.
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If r(q) $ n, then cn is equal to vn in (3.6.1) and we are ready. Assume
therefore that r(q) , n. Let t be the integer part of (n 2 r(q))/2, let
Q :5 qr
t
, N :5 n 2 t, and consider the field extension GF(QrN) over GF(Q).
Since, by (2.8.1), r(Q r
N2r(Q)
) 5 r(Q) 1 N 2 r(Q) 5 N, there exists an
integer U which is not divisible by r such that Q rN2r(Q) 5 1 1 U rN. As in
the proof of Theorem 3.3, for any integer T $ 0 which is not divisible by
r, the Q-order of hT can be derived from the mapping i which is defined
by i(T) :5 UT mod r r(Q) and induces a bijection on the set of units mod-
ulo r r(Q).
Thus, for 1 # T # r r(Q), not divisible by r, the set
G(T) :5 hT 1 jr r(Q)u0 # j # rn2r(Q) 2 1j
is exactly the subset of h1 # j # rnugcd(r, j) 5 1j, which under i is mapped
to i(T). Therefore,
dT :5 O
j[G(T)
h j
is a member of the irreducible GF(Q)G(n,t)-submodule of (GF(Q N), 1)
which is annihilated by the Q-order of hT. Since this polynomial is irreduc-
ible over GF(Q), we see that either dT has the same Q-order as hT or
dT 5 0. Now, dT 5 hT f(a), where a :5 hr
r(Q)
is a primitive rn2tth root of
unity and f denotes the polynomial (xr
n2r(Q)
2 1)(x 2 1)21. Since r(q) $ 1,
we have n 2 r(Q) 5 n 2 r(q) 2 t , n 2 t. Thus, Frn2t , where a is a root
of, is relatively prime to f. We conclude that dT is not equal to 0.
As this holds for all T, we obtain that
cn 5 Orr(Q)
T:51,gcd(T,r)51
dT
has Q-order FrN and therefore satisfies (=n,r,q).
We finally mention (see [4]) that the minimal polynomial of (1 2 h)21
up to a GF(q)-scalar is equal to
zxr
n
2 (x 2 1)r
n
.
EXAMPLE 3.9. This is a generalization of Example 3.8. Under the as-
sumptions of this section, again, let h be a primitive rn1r(q)th root of unity.
Furthermore, let a be any nonzero element of GF(q). It is shown in [13]
that (h 2 a)21 is a normal basis generator in GF(qr
n
) over GF(q).
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But, since
(h 2 a)21 5 a Orn21
j :50
ShaDj
for a suitable nonzero element a in GF(q), proceeding similarly as in
Example 3.8, one can even show that this element is completely free (see
also [16]). We leave the details to the reader.
We finally remark that the theory developed in Sections 2 and 3 gives a
satisfactory answer to the question posed in [13, p. 116], where the author
asks for the existence of trace-compatible series (other than those consid-
ered in Example 3.9) which are built up from roots of unity.
4. THE CASE q ; 3 mod 4 AND r 5 2
In this section, for any integer n $ 1, we give an explicit recursive
construction of free and completely free elements in GF(q2
n
) over GF(q)
provided that q ; 3 mod 4 by solving Problem 2.6 for that instance.
Assume first that n 5 1. The field GF(q2) is obtained by adjoining a
primitive 4th root of unity, say l, to the field GF(q). Since x2 1 1 is the
minimal polynomial of l and since q ; 3 mod 4, we obtain
lq 1 l 5 l3 1 l 5 l(l2 1 1) 5 0.
Therefore, the q-order of l is equal to x 1 1. Hence, using Fact 2.2 and
observing that the nonzero elements of GF(q) are exactly the elements of
q-order x 2 1, we see that the free (and completely free) elements in
GF(q2) over GF(q) are exactly the elements of the form
a 1 bl,
where a and b are any nonzero elements of GF(q).
From now on, we assume that n $ 2. As q ; 3 mod 4, we have q2 ; 1
modulo 8 and therefore, considering GF(q2
n
) as extension of degree 2n21
over GF(q2), we may apply the results from Section 3; i.e., we may construct
all free and all completely free elements in GF(q2
n
) over GF(q2) for any
integer n $ 2. So here it remains to study whether the normality is lost by
reducing the ground field from GF(q2) to GF(q). By doing so, we also have
to consider the exceptional case, i.e., the case where r 5 2, ord2n(q) 5 2,
n $ 3, and q ;/ 52
n23
mod 2n. This case is separated from all others by the
following lemma.
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LEMMA 4.1. Let q ; 3 mod 4 be a prime power and let n $ 2 be an
integer. Then exactly one of the following cases holds:
(4.1.1) ord2n(q) 5 2 ? ord2n21(q),
(4.1.2) the exceptional case.
Proof. If n 5 2, the exceptional case does not hold, but we have
ord4(q) 5 2 5 2 ? ord2(q);
hence (4.1.1).
From now on, we assume that n $ 3. Let r(q2) be the largest integer N
such that q2 2 1 is divisible by 2N.
If n 5 r(q2) 1 1, by (2.8.2) we have
ord2n(q) 5 2n2r(q
2)11 5 4 5 2 ? ord2n21(q).
Therefore (4.1.1) holds, but not (4.1.2).
If n . r(q2) 1 1, by (2.8.2) we obtain
ord2n(q) 5 2n2r(q
2)11 5 2 ? 2n212r(q
2)11 5 2 ? ord2n21(q).
Again, (4.1.1) holds, but (4.1.2) does not.
If n # r(q2), then ord2n(q) 5 2 5 ord2n21(q), whence (4.1.1) is not satisfied.
Furthermore, q ;/ 1 mod 4 implies q ;/ 52n23 mod 2n. This is the exceptional
case and therefore everything is proved. n
In the following, we handle these two cases separately. The next theorem
says that Problem 2.6 can already be solved in the field extension
GF(q2
n
) over GF(q2), where the assumptions of Section 3 are satisfied,
provided that ord2n(q) 5 2 ? ord2n21(q).
THEOREM 4.2. Let q ; 3 mod 4 be a prime power and let n $ 2 be an
integer. Assume that ord2n(q) 5 2 ? ord2n21(q). Then the following hold:
(4.2.1) If v [ GF(q2
n
) has q2-order F2n21 , then v has q-order F2n .
(4.2.2) v [ GF(q2
n
) satisfies (=n,2,q) if and only if it satisfies
(=n21,2,q2).
Proof. The proof is a direct consequence of Theorem 3.6 in [5]. We
therefore will only roughly describe how the assumption is used.
Let g be any irreducible divisor of F2n21 over GF(q). The assumption
assures that g(x2) is an irreducible divisor of F2n over GF(q). Now, if wg
is any element of q2-order g, then the q-order of wg is a divisor of g(x2).
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Since wg is not equal to 0 and since g(x2) is irreducible, we obtain that wg
has q-order g(x2). Now (4.2.1) follows from Fact 2.2 since any element v
in GF(q2
n
) of q2-order F2n21 can uniquely be written as o wg , where the
sum runs over all irreducible divisors g of F2n21 with coefficients in GF(q)
and where wg has q2-order g for any such g.
Remembering the definition of (=n,2,q) in Problem 2.6, we see that (4.2.2)
is an application of (4.2.1). n
We finally turn to the exceptional case and solve Problem 2.6 for this
instance by explicitly presenting an element v in GF(q2
n
) satisfying (=n,2,q).
THEOREM 4.3. Let q ; 3 mod 4 be a prime power and let n $ 3 be an
integer. Assume that ord2n(q) 5 2 and that q ;/ 52
n23
mod 2n. Let r(q2) be
the largest integer N such that q2 2 1 is divisible by 2N. Furthermore, let h
be a primitive 2n211r(q2)th root of unity. Then
v :5 O2n22
j :51,gcd(2, j)51
(h j 1 h jq)
is an element in GF(q2
n
) satisfying (=n,2,q).
Proof. By (2.7.2) we know that v satisfies (=n,2,q) if and only if v has
q-order F2n and q2-order F2n21 . Having Fact 2.2 in mind, we therefore
consider the decompositions of F2n21 over GF(q2) and F2n over GF(q).
Let z be a primitive 2n21th root of unity. Then GF(q2) 5 GF(q)(z) and
therefore F2n21 over GF(q2) splits into linear factors while all irreducible
GF(q)-factors of F2n21 have degree 2. Now
(x 2 z)(x 2 zq) 5 x2 2 (z 1 z21)x 1 1 5: fz
is an irreducible divisor of F2n21 over GF(q) (observe that under our assump-
tion, q 1 1 is divisible by 2n21). Furthermore, fz(x2) is a GF(q)-divisor of
F2n which over GF(q) decomposes into two irreducible factors. Thus, it
can easily be deduced that
F2n21 5 O2n22
j :51,gcd(2, j)51
(x 2 zi)(x 2 z2i),
while
F2n 5 O2n22
j :51,gcd(2, j)51
fz i(x2).
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Now, let h be a primitive 2n211r(q
2)th root of unity. Then GF(q2)(h) 5
GF(q2
n
) and furthermore, by Theorem 3.3, the q2-order of h is equal to
an irreducible divisor of F2n21 over GF(q2). Without loss of generality, we
assume that h has q2-order x 2 z, whence for any odd integer t the q2-
order of ht is equal to x 2 z t. Since x 2 z is a divisor of fz, it follows that
the q-order of h is a divisor of fz(x2). In the proof of Theorem 3.9 in [5],
without using the explicit factorization of fz(x2) over GF(q), we have shown
that the q-order of h indeed is equal to fz(x2).
Now, consider the element h 1 hq. With s being the Frobenius automor-
phism in GF(q2
n
) over GF(q), we have h 1 hq 5 ((x 1 1)(s))(h). As n $
3, the polynomial x 1 1 is relatively prime to fz(x2) and therefore, the q-
order of h 1 hq likewise is equal to fz(x2). Furthermore, by Fact 2.2, the
q2-order of h 1 hq is equal to (x 2 z)(x 2 z21) 5 fz, as hq has q2-order
x 2 z q 5 x 2 z 21.
If we repeat this argument for all divisors in the above factorizations of
F2n21 and F2n, using once more Fact 2.2, we see that the element v in the
statement has q-order F2n and q2-order F2n21 and therefore satisfies (=n,2,q).
This completes the proof of the theorem. n
Using Theorem 2.5 and Theorem 2.7, we have reached our goal to recur-
sively construct completely free elements and therefore, in particular, free
elements in GF(q2
n
) over GF(q), where n is any integer and q ; 3 mod 4.
Due to the nature of the exceptional case, up until now we have not
described all completely free elements. This would require a deeper analysis
of the factorization of the 2nth cyclotomic polynomial over GF(q).
However, in the context of the description of the corresponding modules,
the complete GF(q)-factorization of x2
n
2 1 is given in [14, Lemma 3.1]
(see also [4, Section 3.3.3]). Indeed, using the results from [14, Section 3],
it is possible to describe all completely free elements in GF(q2
n
) over GF(q)
in terms of a primitive 2n211r(q2)th root of unity. But this should be worked
out in a separate paper.
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